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I. INTRODUCTION

Calculationsof charmproductionarestill not undersolid
theoreticalcontrol.A goodunderstandingof thecharmcross
sectionis of particularinterestfor heavyion physics.Charm
productionis an importantcontributionto the dileptoncon-
tinuum in heavyion collisions.In S1U andPb1Pb interac-
tions at the CERN SuperProton Synchrotron~SPS!, with
AS519.4 and 17.3 GeV/nucleon pair,1 respectively, the
dilepton yield in the massrange1.5,mm1m2,2.5 GeV is
enhancedby a factor of 2–3 over the extrapolatedproton-
nucleus,pA, yield @1#. Thesedatahavebeeninterpretedasan
enhancementof the charm productioncrosssection in the
systemcreatedin the heavyion collision. Another possible
sourceof the dileptonenhancementis thermaldileptonpro-
duction,predictedin a quark-gluonplasma@2#. Finally, the
total charmratewould bea usefulreferencefor J/c produc-
tion in heavyion collisions @2–4#.

Although many future heavy ion experimentswill be at
high collider energies, AS>130 GeV, someof the current
andfuture experiments,suchasthoseat the SPS,are in the
near-thresholdregion. The NA60 experimentwas specifi-
cally designedto distinguish betweencharm decaysand
Drell-Yan-like productionof dileptons@5# to determinethe
causeof the apparentenhancement.Heavy ion datawill be
taken at AS517.3GeV and pA data at AS529.1GeV. A
new facility is being built at the GSI @6# that will measure
charmnearthresholdwith AS56.98GeV.

Becausethecharmquarkmassis a few timesLQCD, it is
generallytreatedasa heavyquark in perturbativeQCD cal-

culations.However, its relative lightnessresultsin a rather
strong dependenceof the total crosssectionon massand
scale,with up to a factor of 100 betweenthe lowest and
highestnext-to-leadingorder~NLO! results@7#. Thereis also
a rather broad spreadin the measuredcharm production
crosssectiondataat fixed-target energies.Much of this un-
certaintyarisesfrom low statisticsin the early experiments,
assumptionsof how much the total charm yield results in
final-stateD mesons,and the way in which the measured
data are extrapolatedto full phasespace.The more recent
data have improved considerablywith new detectiontech-
niquesandhigherstatistics.

Improvementsin the calculationof the charmcrosssec-
tion are difficult at all energies, but are perhapspossible

whenthe cc̄ pair is producedcloseto threshold,aswe now
describe.Factorizationpropertiesof QCD separatecrosssec-
tions into universal,nonperturbativepartondensitiesand a
perturbativelycalculablehard scatteringfunction, the par-
tonic crosssection.Remnantsof long-distancedynamicsin
the hard scattering function can dominate corrections at
higherordersnearproductionthreshold.TheseSudakovcor-
rectionshavethe form of distributionswhich aresingularat
partonicthreshold.Thresholdresummationtechniquesorga-
nize thesesingular distributions to all orders,presumably
extendingthe reachof QCD into near-thresholdproduction.
The singular functions organizedby resummationare plus
distributions, of the form @ lnlx/x#1 , where x denotesthe
‘‘distance’’ from partonic threshold.At next-to-leadinglog
~NLL ! accuracyand beyond,properaccountmust be taken
of the color structureof the hard scattering@8,9# for each
partonicsubprocess.

Resummedcrosssectionsare useful as generatingfunc-
tions for approximatefinite-order correctionsto the cross
sectionwhenexpandedin powersof thestrongcouplingcon-

1Unlessotherwisespecified,all pA energies are per nucleonand
nucleus-nucleusenergiesareper nucleonpair.
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stantas , as we do in this paper. The resummedcrosssec-
tions may also be evaluatednumerically. The charmfixed-
target data were first compared to a leading log ~LL !
resummedcalculationof the total crosssectionin Ref. @10#.
Becausetheratio m/L3 is quitesmall, theexpansionparam-
eter, as , is not and the LL resummationbeganto fail at
AS'20 GeV. A NLL resummedevaluation in Ref. @11#
found significant thresholdcorrections,albeit with a reduc-
tion in scaledependence.

In this paperwe work at finite order, usingour resultsof
Refs. @12,13#. We have calculated the double-differential
heavy quark hadroproductioncrosssectionsup to next-to-
next-to-leadingorder ~NNLO!, O(as

4), and next-to-next-to-
leadinglogarithm ~NNLL !, i.e., keepingpowersof the sin-
gular functionsas low as l52i21 at orderO(as

i13) where

i50,1, . . . @12,13#. We only discussQQ̄ productionin the
i j5qq̄ and gg channelssinceqg scatteringfirst appearsat
NLO.

Our studiesfocuson the kinematicsof the proposedGSI
facility and the CERN SPSprotonand ion fixed-target pro-
grams.We first briefly describeour NNLO-NNLL calcula-
tions in the next section.In Sec.III we discusswhetherthe
ion beamenergies will actually producecharmin the near-
thresholdregionwhereour calculationsare,in principle,ap-
plicable. We show results for severalvaluesof the charm
quark mass,m51.2, 1.5, and 1.8 GeV and for scalesm
5m and2m. We compareour resultsfor the NNLO-NNLL
inclusive cc̄ crosssectionto charmproductiondataand to
the NLO crosssectionsin the relevantenergy regime,and
judge their value.Finally, we summarizeour resultsin Sec.
IV.

II. RESUMMATION

In our approach,the distancefrom partonic thresholdin
the singular functionsdependson how the crosssectionis
calculated.We either integrateover the momentumof the
unobservedheavyquarkor antiquarkanddeterminetheone-
particle inclusive ~1PI! crosssectionfor the detectedquark
or treat the Q and Q̄ as a pair in the integration, in pair
invariantmass~PIM! kinematics.In 1PI kinematics,

p~P1!1p~P2!→Q~p1!1X~pX!, ~1!

where X denotesany hadronic final state containing the
heavy antiquarkand Q(p1) is the identified heavy quark.
Thereactionin Eq. ~1! is dominatedby thepartonicreaction

i~k1!1 j~k2!→Q~p1!1X@Q̄#~p28!. ~2!

At leadingorder ~LO! or if X@Q̄#(p28)[Q̄( p̄2), the reaction

is at partonicthresholdwith Q̄ momentump̄2. At threshold
the heavy quarksare not necessarilyproducedat rest but
with equaland oppositemomentum.The partonicMandel-
staminvariantsare

s5~k11k2!2, t15~k22p1!2
2m2,

u15~k12p1!2
2m2, s45s1t11u1 , ~3!

wherethe last, s45(p28)
2
2m2, is the inelasticityof the par-

tonic reaction.At threshold,s450. Thus the distancefrom
thresholdin 1PI kinematicsis x5s4 /m2 and the crosssec-
tions arefunctionsof t1 andu1. In PIM kinematicsthe pair
is treatedasa unit so that, on the partoniclevel, we have

i~k1!1 j~k2!→QQ̄~p8!1X~k8!. ~4!

The squareof the heavy quark pair massis p8
2
5M 2. At

partonicthreshold,X(k8)50, the threeMandelstaminvari-
antsare

s5M 2, t152

M 2

2
~12bM cosu !,

u152

M 2

2
~11bM cosu !, ~5!

wherebM5A124m2/M 2 andu is thescatteringanglein the
partoncenter-of-massframe.Now the distancefrom thresh-
old is x512M 2/s[12z wherez51 at threshold.In PIM
kinematicsthe crosssectionsarefunctionsof M 2 andcosu.

The resummationis donein momentspaceby making a
Laplacetransformationwith respectto x, the distancefrom
threshold.Thenthe singularfunctionsbecomelinear combi-
nationsof lnk Ñ with k<l11 andÑ5NegE wheregE is the
Euler constant.The 1PI resummeddouble-differential par-
tonic crosssectionin momentspaceis

s2
d2s i j

res~Ñ !

dt1du1
5TrH H i jP̄ expF E

m

m/N dm8

m8

3~GS
i j~as~m8!!!†G S̃ i jP

3expF E
m

m/N dm8

m8
GS

i j~as~m8!!G J
3exp[Ẽ i(Nu ,m,mR)] exp[Ẽ j(N t ,m,mR)]

3expH 2E
mR

m dm8

m8
[g i(as(m8))

1g j(as(m8))] J , ~6!

whereNu5N(2u1 /m2), N t5N(2t1 /m2), and( P̄) P refer
to ~anti-!pathordering.To find the PIM result,we transform
t1 and u1 to M 2 and cosu using Eq. ~5! and let Nu5N t
5N. The cross section dependson the ‘‘hard,’’ H i j , and
‘‘soft,’’ S̃ i j , functionswhich are Hermitian matricesin the
spaceof color exchanges.The ‘‘hard’’ part containsno sin-
gular functions.The ‘‘soft’’ componentcontainsthe singular
functionsassociatedwith noncollinearsoft-gluonemission.
The soft anomalousdimensionmatrix, GS

i j , is two dimen-
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sionalfor qq̄ andthreefor gg. TheuniversalSudakovfactors

are in the exponentsẼ i , expandedas

exp@ Ẽ i~Nu ,m,m !#.11

as

p F (
k50

2

Ck
i,(1)lnk~Nu!G

1S as

p
D

2F (
k50

4

Ck
i,(2)lnk~Nu!G1•••.

~7!

Theseexponentsalsocontaintheeffectsof thesingularfunc-
tions due to soft-collinearradiation.The coefficientsCk

i,(n) ,
aswell asthedetailedderivationof theresummedandfinite-
ordercrosssections,canbe found in Ref. @13#. Themomen-
tum spacecrosssectionsto NNLO-NNLL are obtainedby
gatheringtermsat O(as

3) andO(as
4), inverting the Laplace

transformationandmatchingtheN-independenttermsin H i j

and S̃ i j to the exactO(as
3) resultsin Refs.@14,15#.

Any differencein the integratedcrosssectionsdueto ki-
nematicschoicearisesfrom the ambiguity of the estimates.
At leadingorderthe thresholdconditionis exactandthereis
no differencebetweenthe total cross sectionsin the two
kinematicschemes.However, beyondLO additionalsoft par-
tonsareproducedand thereis a difference.To simplify the
argument,the total partoniccrosssectionmay be expressed
in termsof dimensionlessscalingfunctionsf i j

(k,l) thatdepend
only on h5s/4m2

21 @13#,

s i j~s,m2,m2!5

as
2~m !

m2 (
k50

`

@4pas~m !#k

3(
l50

k

f i j
(k,l)~h !lnlS m2

m2D . ~8!

We haveconstructedLL, NLL, andNNLL approximationsto

f i j
(k,l) in theqq̄ andgg channelsfor k<2, l<k. Exactresults

are known for k51 and can be derivedusing renormaliza-
tion group methodsfor k52, l51,2 @13#. Our calculations
usethe exactLO andNLO crosssectionswith the approxi-
mateNNLO-NNLL corrections.

The inclusive hadroniccrosssectionis obtainedby con-
voluting the inclusivepartoniccrosssectionswith theparton
luminosity F i j ,

F i j~t,m2!5tE
0

1

dx1E
0

1

dx2d~x1x22t !

3f i/h1
~x1 ,m2!f j /h2

~x2 ,m2!, ~9!

where f i/h(x,m2) is the density of partonsof flavor i in
hadronh carryinga fraction x of the initial hadronmomen-
tum, at factorizationscalem. Then

FIG. 1. The partonluminosity for pp interactionsat AS56.98GeV as a function of h using the Glück-Reya-Vogt 1998 higher-order

~GRV 98 HO! densities.The left-handsidegivesthe qq̄ luminosity, the right-handsidethe gg luminosity. From top to bottom,the charm
quarkmassis 1.2 GeV in ~a! and ~b!, 1.5 GeV in ~c! and ~d!, and1.8 GeV in ~e! and ~f!. The solid curvesarewith m5m andthe dashed
with m52m.
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FIG. 2. Thepartonluminosityfor pp interactionsatAS517.3GeV as a functionof h usingtheGRV 98 HO densities.Theleft-handside

givestheqq̄ luminosity, theright-handsidethegg luminosity. Fromtop to bottom,thecharmquarkmassis 1.2GeV in ~a! and~b!, 1.5GeV
in ~c! and ~d!, and1.8 GeV in ~e! and ~f!. The solid curvesarewith m5m andthe dashedwith m52m.

FIG. 3. Thepartonluminosityfor pp interactionsatAS529.1GeV as a functionof h usingtheGRV 98 HO densities.Theleft-handside

givestheqq̄ luminosity, theright-handsidethegg luminosity. Fromtop to bottom,thecharmquarkmassis 1.2GeV in ~a! and~b!, 1.5GeV
in ~c! and ~d!, and1.8 GeV in ~e! and ~f!. The solid curvesarewith m5m andthe dashedwith m52m.
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sh1h2
~S,m2!5 (

i, j5q,q̄,g
E

4m2/S

1 dt

t
F i j~t,m2!s i j~tS,m2,m2!

5 (
i, j5q,q̄,g

E
2`

log10(S/4m2
21)

d log10h
h

11h

3 ln~10! F i j~h,m2! s i j~h,m2,m2!, ~10!

where

h5

s

4m2
215

tS

4m2
21. ~11!

Our investigationsin Ref. @13# showedthat the approxima-
tion shouldhold if the convolutionof the partondensitiesis
not very sensitiveto the high h region.

III. NUMERICAL RESULTS

In this section,we first test the applicability of our near-
thresholdtreatmentby calculating the parton luminosities.
We thencompareour approximateNNLO-NNLL crosssec-
tionswith theexactNLO crosssectionsandthepp andp2p
total charmcrosssections.We alsodiscussthe convergence
propertiesandscaledependenceof our results.

A. Parton luminosities

We first check if the parton luminosity peaks at low
enoughvaluesof h for our near-thresholdcalculationsto be
applicable.Figures 1–3 show the parton luminosities for
AS56.98, 17.3, and 29.1 GeV, respectively, corresponding
to the top new GSI energy, the CERN SPSlead beam,and
theSPSprotonbeam.Theresultsareshownfor threevalues
of the charmquark massat eachenergy: m51.2, 1.5, and
1.8 GeV. Using the lowestvalueof m gives relatively good
agreementwith pp dataat NLO whenm52m @16–18#. This
massalsorepresentsa lower boundon the possiblerangeof
charm quark masses.The charm quark pole massis most
commonlychosenas1.5GeV. Finally, 1.8GeVrepresentsan
upperboundon the charmmass.

The Glück-Reya-Vogt 1998 ~GRV 98! higher-order ~HO!
partondensities@19# areusedin the luminosity calculations,
shownwith scalesm5m and2m. Thescaleis not decreased
below m becausethe minimum scalein the partondensities
is larger thanm/2. Suchcalculationswould thusbe of little
value.

Our resultsareprimarily shownfor the GRV 98 HO par-
ton densitiessincethey are consistentwith the most recent
pion partondensitiesby Glück, Reya,and Schienbein@20#,
denotedhereasGRS2.We will alsocompareour pp results
with thoseusing CTEQ5M @21# since thesedensitieswere
usedin our previouscalculationsfor heavierquarks@13#.

At AS56.98GeV, Fig. 1, charm production is well
within the thresholdregion.Thereis no luminosity at h.2

FIG. 4. Thetotal cc̄ crosssectionin pp interactionsasa functionof AS usingtheGRV 98 HO densities.The left-handsideemploysthe
scalem5m, the right-handside,m52m. Fromtop to bottom,thecharmquarkmassis 1.2 GeV in ~a! and~b!, 1.5 GeV in ~c! and~d!, and
1.8 GeV in ~e! and ~f!. The solid curvesare the exact NLO result, the dashedcurves,the approximate1PI NNLO-NNLL result, the
dot-dashedcurves,theapproximatePIM NNLO-NNLL result,andthedottedcurves,theaverageof the1PI andPIM NNLO-NNLL results.
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for m51.5 and 1.8 GeV while h53 is the highesth with
nonzeroluminosity for m51.2 GeV. It is interestingto note
that at eventhis ratherlow energy, the gg luminosity is still

the largest,nearly a factor of 10 greaterthan the qq̄ for m

5m. The low qq̄ luminosity canbe attributedto the steeply
falling antiquarkdensity at large x, m/AS;0.220.6, over
thecharmmassrangeconsideredhere.Eachstepin m drops
the luminosity by an order of magnitudewhile moving the
peakto lower h, from h;0.35whenm51.2 GeV to ;0.15
when m51.8 GeV. Increasingthe scale decreasesthe gg
luminosity by a factor of '3.

The luminosity is considerablyhigherat AS517.3GeV,
the Pb1Pb center-of-mass energy at the CERN SPS, as
shownin Fig. 2. Now thepeakin the luminosity is at higher
h but still at h,1, evenfor m51.2 GeV. Thus,charmpro-
duction may still be consideredas within the thresholdre-
gion. The locationof the peakin h is similar to that for t t̄
productionat the Tevatron@13#. Therefore,our calculations
should be applicable.Changingthe scaledoesnot have a
strong effect on the luminosity at this higher energy. The
relative gg to qq̄ luminosity is smaller than at the lower
energy. The higher SPSproton center-of-massenergy, AS
529.1GeV, leadsto a luminosity peakat somewhatlarger
h, but remainslessthanunity, seeFig. 3. Sincesomeweight
is given to the region h;10, especiallyfor the lowest m

considered,this energy is theupperlimit at which our calcu-
lation is applied.

While all the calculationsshownin Figs. 1–3 havebeen
made for the GRV 98 HO densities,the results for the
CTEQ5M densitiesare quite similar. The luminosities in
p2p interactionsdo differ, however. At AS56.98GeV, the

qq̄ luminosity is greaterthanthegg luminosityby a factorof
;1.5 for m51.2 GeV, increasingto nearlya factor of 5 for
m51.8 GeV. By AS517.3GeV, the situationhaschanged
and the gg channelagaindominatesbut only by a factor of
1.1–1.5. The smallestdifferencecorrespondsto the largest
charmmass.Finally, at AS529.1GeV, the p2p andpp lu-
minositiesarerathersimilar.

Thescalingfunctionsthatcontributeto thepartoniccross
sectionhavebeenstudiedextensivelyin Ref. @13#. Sincethe
scalingfunctionsareessentiallyindependentof m, we do not
show them againhere.We turn insteadto a comparisonof
our calculationswith the pp andp2p total charmcrosssec-
tion data.

B. Comparison with total charm data

Comparisonsof the NLO crosssectionsto the available
cc̄ datahavebeenmadeto obtain the ‘‘best’’ agreementby
eyewith the databy varying the mass,m, andscale,m, for
severalcombinationsof m, m, and partondensity@16–18#.

FIG. 5. The total cc̄ crosssectionin p2p interactionsasa function of AS usingthe GRV 98 HO protondensitiesandthe GRS2pion
densities.The left-handsideemploysthe scalem5m, the right-handside,m52m. From top to bottom,the charmquarkmassis 1.2 GeV
in ~a! and ~b!, 1.5 GeV in ~c! and ~d!, and 1.8 GeV in ~e! and ~f!. The solid curvesare the exactNLO result, the dashedcurves,the
approximate1PI NNLO-NNLL result,thedot-dashedcurves,theapproximatePIM NNLO-NNLL result,andthedottedcurves,theaverage
of the 1PI andPIM NNLO-NNLL results.
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The best agreementwith data at NLO is with m5m
51.3 GeV for the GRV 98 densities and with m5m
51.4 GeV andm5m/251.2 GeV for CTEQ5M @18#. Thus
the hadroproductiondata tend to favor rather light charm
masses.

We now turn to our NNLO-NNLL results.SincetheNLO
crosssection is known exactly, we add the O(as

4) NNLL
approximatecontributionto the exactNLO crosssectionin
the qq̄ and gg channels.We also apply a dampingfactor,
1/A11h, to temperthe influenceof theapproximatescaling
functionsat large h, at which we arefurther from threshold
andhavelesscontrol over our approximations.

We find thegreatestdifferencein thekinematicsschemes
for m5m. The effect of the NNLO-NNLL termsis reduced
for higher scalesbecauseas(m).as(2m). The running of
as is significant for charmbecausethe massis rather low.
Thus the strongrunning of the coupling constantfor these
valuesof m ensuresa largescaledependencefor charmpro-
duction. There is also a significant parton density depen-
dencein the resultsbecausem/L3 is not large. Since L3
50.38GeV for CTEQ5Mand0.2475GeV for GRV 98 HO,
the NNLO-NNLL correctionswill be larger for CTEQ5M
thanfor GRV 98 HO.

The most important contribution to the NNLO-NNLL
charmcrosssectionis f gg

(2,0) , shownin Fig. 5 of Ref. @13# for
both1PI andPIM kinematics.Thedifferencesbetweenf gg

(2,0)

in the two kinematicsat large h areconsiderable.The func-

tional dependenceon h beginsto diverge for h.0.1. In 1PI
kinematics,f gg

(2,0) is relatively small andpositiveuntil h.2
whenit beginsto grow. On the otherhand,in PIM kinemat-
ics f gg

(2,0) becomeslargeandnegativewith increasingh. This
largenegativecontributioncansometimesleadto a negative
total crosssectionfor m5m whentheO(as

4) contributionis
larger than the NLO crosssection.The decreasein as with
m52m keeps the total PIM cross section positive even
thoughthe NNLO-NNLL correctionremainsnegative.

We noteherethat thereis somearbitrarinessin the func-
tional form of the gg scalingfunctionssincethe expression
122t1u1 /s2, usedin thegg Born crosssectionin Ref. @13#,
is equivalentat thresholdto (t1

2
1u1

2)/s2. Eithermaybeused
in the scalingfunctionswithin the accuracyof our approxi-
mations.However, different choicescan lead to nontrivial
numericaldifferencesin thecrosssection.We usetheformer
choiceherebut point out that the latter choiceincreasesthe
crosssectionsin both kinematicsand leadsto lessnegative
~or evenpositive! valuesfor the PIM results.We also note
that including a class of subleading logarithms beyond
NNLL, as derived in Ref. @12#, considerablydecreasesthe
differencebetweenthe NNLO qq̄ scaling functions in the
two kinematicsover a large h region. For the gg channel,
especiallygiven the ambiguity in the functional form of the
gg scaling functions describedabove,it is harder to draw
firm conclusions.A full evaluation of all the subleading
termsrequirestwo-loop calculations@22# that havenot yet

FIG. 6. The total cc̄ crosssectionin pp interactionsasa function of AS usingthe CTEQ5M densities.The left-handsideemploysthe
scalem5m, the right-handside,m52m. Fromtop to bottom,thecharmquarkmassis 1.2 GeV in ~a! and~b!, 1.5 GeV in ~c! and~d!, and
1.8 GeV in ~e! and ~f!. The solid curvesare the exact NLO result, the dashedcurves,the approximate1PI NNLO-NNLL result, the
dot-dashedcurves,theapproximatePIM NNLO-NNLL result,andthedottedcurves,theaverageof the1PI andPIM NNLO-NNLL results.
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beendone.However, theclassof subleadinglogarithmsaris-
ing from theinversionfrom momentto momentumspacehas
beencalculatedexactly @12#.

As shownbelow, the NNLO-NNLL crosssectionsin the
1PI and PIM kinematicsare very different.Sinceincluding
the subleadinglogs seemsto make the scaling functions
moresimilar, especiallyin theqq̄ channel,we aremotivated
to presentresultsusingthe averageof the two kinematicsas
well as the individual 1PI andPIM resultsin the remainder
of the paper.

Our resultswith the GRV 98 HO densitiesare shownin
Fig. 4 for pp interactionswith both scalesand the three
charmquark masses.The approximateNNLO-NNLL cross
sectionsarecomparedto the exactNLO results.We plot the

1PI and PIM crosssectionsas well as their average.The
availabledataat AS,30 GeV areincluded.In thesefigures,
we arenot attemptingto fit thedatabut to showtheeffect of
the O(as

4) correction.The NNLO 1PI andPIM resultswith
m5m diverge most strongly from the NLO calculation.In-
creasingthe charmmassreducesthesedifferences,particu-
larly for m52m. The PIM correctionat NNLO-NNLL is
larger andnegative,giving a negativetotal crosssectionfor
m5m51.2 GeV.

The sametrends are shown in Fig. 5 for the GRV 98
HO-basedcalculationsof the total crosssectionin p2p in-
teractions.We usetherecentlyupdatedpion partondensities,
GRS2 @20#. This evaluationhas a somewhatlower gluon
densitythanthe previousGRV-p set @23#.

TABLE I. Charmtotal crosssectionsin pp interactionsat the threefixed-target energiesconsidered.The

resultsaregiven for the NLO exactandthe 1PI andPIM NNLO-NNLL approximatecrosssections.The cc̄
crosssectionsusingthe GRV 98 HO andCTEQ5M partondensitiesarecompared.

s(NLO) (mb) s(1PI) (mb) s(PIM) (mb)
AS ~GeV! m5m m52m m5m m52m m5m m52m

m51.2 GeV
GRV 98 HO

6.98 0.45 0.11 1.29 0.29 0.70 0.21
17.3 11.1 5.61 26.5 12.4 0.075 4.71
29.1 28.8 18.8 69.0 40.3 212.9 8.09

CTEQ5M

6.98 0.76 0.13 3.50 0.44 1.48 0.29
17.3 19.5 7.33 75.5 20.5 217.0 6.32
29.1 51.9 26.2 200.1 70.7 2101.4 6.66

m51.5 GeV
GRV 98 HO

6.98 0.028 0.0062 0.079 0.017 0.056 0.014
17.3 2.75 1.31 6.13 2.83 1.44 1.44
29.1 9.44 5.77 20.4 11.9 0.47 4.00

CTEQ5M
6.98 0.043 0.0077 0.17 0.025 0.11 0.019
17.3 4.13 1.55 13.1 4.08 1.19 1.86
29.1 15.1 7.37 46.3 18.5 28.50 4.82

m51.8 GeV
GRV 98 HO

6.98 0.0014 0.00030 0.0042 0.00086 0.0034 0.00074
17.3 0.76 0.35 1.63 0.74 0.63 0.44
29.1 3.45 2.13 7.05 4.08 1.24 1.77

CTEQ5M

6.98 0.0024 0.00042 0.0094 0.0014 0.0070 0.0012
17.3 1.01 0.38 2.89 0.97 0.82 0.54
29.1 4.97 2.42 13.5 5.79 0.32 2.18
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We now show our pp resultswith CTEQ5M in Fig. 6.
SinceL3 is larger for the CTEQ densities,all the crosssec-
tions are somewhatgreaterthan thosecalculatedwith GRV
98 HO. The largerL3 resultsin a largeras andhencelarger
higher-order corrections.The NNLO 1PI and PIM results
with m5m divergemoststronglyfrom theNLO calculation.
The PIM result for m51.2 GeV is alreadynegativeat AS
;12 GeV.

The calculationsagree only moderatelywell with the
data.The earliestdata are all rather low statisticsand are
mostly measurementsof singleD mesons.How the cc̄ pairs
hadronizeis a particularly important questionfor energies
near thresholdwhere somechannelsmay be energetically
disfavored. We follow Ref. @7# and assumethat since
s(Ds)/s(D0

1D1).0.2ands(Lc)/s(D0
1D1).0.3, it is

possibleto obtainthe total cc̄ crosssectionfrom s(DD̄) by
multiplying it by '1.5. This assumptioncouldhavea strong
energy dependenceso that as many charmhadronsas pos-
sible shouldbe measuredat eachenergy to studyhadroniza-
tion. The fragmentationinto DD̄, DL̄c , LcD̄, LcL̄c , etc.
could be studiedat the GSI facility if the experimentsare
ableto reconstructcharmmesonsandbaryons.

Someof the total crosssectiondataare basedon lepton
measurements.Semileptonicdecaysdo not allow the mo-
mentumof theprimaryD mesonto beentirelyreconstructed,
addingan additional layer of experimentaluncertainty. The
CERN SPSresultsarebasedon muonspectrometerswhich

cannotunambiguouslydeterminethe identity of the primary
hadron.Finally, someof thedataaretakenon nucleartargets
andthenextrapolatedto pp assumingthat the crosssections
scale linearly with A, supportedby fixed-target measure-
mentsof the A dependenceof charmproduction@24#. Thus
theplacingof dataon theplots is primarily to guidetheeye.

The total crosssectionsin pp interactionsfor the three
energies we havediscussedare given in Table I. The scale
dependenceis not necessarilyreducedat NNLO-NNLL rela-
tive to theexactNLO. Dueto thecompletedominanceof the
gg channelin pp interactions,the dependenceon kinematics
choiceis large.Becausef gg

(2,0) growswith h at largeh in 1PI
kinematics,the 1PI crosssectionis always larger than the
NLO exactresult.On the otherhand,the PIM resultalways
underestimatestheexactNLO calculationsincef gg

(2,0) is large
and negativeat large h in PIM kinematics.Thus the PIM
crosssectionwith m52m can be greaterthan that with m
5m. The averageof the 1PI and PIM crosssectionstypi-
cally remainssomewhatabovethe NLO result.

Recall that all the results include the damping factor.
Without the dampingfactor, the O(as

4) contributioncan in-
creaseup to 40% at the highestenergies.

Note that even for the NLO exact cross section, the
CTEQ5M resultsare larger than the GRV 98 HO results.
BecauseL3 is greaterfor CTEQ5M, the NNLO-NNLL cor-
rectionswill be most importantfor this set.The dependence
on partondensitiesis reducedfor heavierquarkssince the

FIG. 7. The theoreticalK factorsfor cc̄ productionin pp interactionsasa functionof AS usingtheGRV 98 HO densities.The left-hand
sideemploysthe scalem5m, the right-handside,m52m. From top to bottom,the charmquarkmassis 1.2 GeV in ~a! and~b!, 1.5 GeV
in ~c! and~d!, and1.8GeV in ~e! and~f!. Thesolid curvesareK2

(1) , thedottedcurves,K0
(1) , thedashedcurves,K1PI

(2) , thedot-dashed,KPIM
(2) ,

andthe triple dot-dashedcurves,Kave
(2) , as definedin the text.
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ratio m/L@1 and a changein the ratio will not affect the
valueof as significantly for large m. That is a primary rea-
sonwhy thescaledependenceis small for top quarkproduc-
tion @12,13#. In this case,the runningof as is primarily re-
sponsiblefor thedependenceof theresultson partondensity
andthe large kinematicsdependence.

As discussedbefore,attemptsto find agreementwith the
pp andp2p charmproductiondataby varying themassand
scale usually result in a rather low value of m at NLO,
'1.2 GeV for m52m. The NNLO-NNLL results,particu-
larly with 1PI kinematics,suggestthat the samegeneralen-
ergy dependencemay be obtainedfor higher massesand
lower scalesso thata valueof m closerto thepolemass,1.5
GeV, would agreewith the fixed-target data.Using the GRV
98 HO densities,theNLO calculationwith m51.2 GeV and
m52m is in reasonableagreementwith the approximate
NNLO-NNLL 1PI result obtained with m5m51.5 GeV.
Evenat NNLO-NNLL, m51.8 GeV still underestimatesthe
dataconsiderably.

Finally, we briefly compareour finite-orderresultwith the
NLL-resummedresult for pp→cc̄ shownin Fig. 15 of Ref.
@11#. Note that the resummedcrosssectiondependson the
prescriptionusedto obtain the momentumspaceresult.Our
NLO calculationswith m51.5 GeV and CTEQ5M are in
good agreementwith their NLO calculation using the
Martin-Roberts-StirlingsetR2 @25# sincethesetwo setshave
similar valuesof L. The NLL-resummedcrosssection,cal-
culatedusing the partonic total crosssections,is in rather

goodagreementwith our kinematics-averagedNNLO-NNLL
results.

C. Convergence properties

Given the large correctionsat NNLO-NNLL, one can
questionif the calculatedcrosssectionwill stabilize such
that all datacan be describedwith one value of the charm
masseven if further higher-order correctionswere calcu-
lated.Sincethe NNLO-NNLL 1PI resultsallow the datato
bedescribedrelativelywell with m5m51.5 GeV insteadof
m51.2 GeV and m52m, it is quite possiblethat further
correctionscould lead to agreementwith the data for still
higher valuesof m. We can at least partially addressthis
issuethroughan investigationof the K factors.

We first briefly discussthe calculationof the ‘‘first order
K factor,’’ K (1)

5sNLO /sLO . Since sLO can be calculated
with LO or NLO partondensities,the valueof the K factor
dependson which way sLO is calculated.In Ref. @26#, K (1)

wasdefinedin threeways.Wecomparetwo of thedefinitions
here:K0

(1) , wheresLO is calculatedwith NLO partondensi-
tiesanda two-loopevaluationof as , andK2

(1) , wheresLO is
calculatedwith LO partondensitiesand a one-loopevalua-
tion of as . In both cases,the Born andO(as

3) contributions
to sNLO arecalculatedwith NLO partondensitiesand two-
loop evaluationsof as . The first definition, K0

(1) , indicates
the convergenceof termsin a fixed-ordercalculationwhile
the second,K2

(1) , indicatesthe convergenceof the hadronic

FIG. 8. The theoreticalK factorsfor cc̄ productionin p2p interactionsasa function of AS usingthe GRV 98 HO protondensitiesand
the GRS2pion densities.The left-handsideemploysthe scalem5m, the right-handside,m52m. From top to bottom,the charmquark
massis 1.2 GeV in ~a! and~b!, 1.5 GeV in ~c! and~d!, and1.8 GeV in ~e! and~f!. The solid curvesareK2

(1) , the dottedcurves,K0
(1) , the

dashedcurves,K1PI
(2) , the dot-dashedcurves,KPIM

(2) , andthe triple dot-dashedcurves,Kave
(2) , as definedin the text.
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calculationtowardsa result.If K0
(1)

.K2
(1) , the convergence

of the hadroniccrosssectionis morelikely.
In Fig. 7, we compareK0

(1) andK2
(1) for charmproduction

in pp interactionswith theGRV 98 HO densities.Thedotted
curvesare K0

(1) and the solid curvesare K2
(1) . Here, K0

(1)

.K2
(1) for all valuesof m and m shown.We seethat for m

5m, K2
(1) doesnot changemuchwith m. It is '3.5 for AS

56.98GeV, decreasingto '1.9 at AS529.1GeV for all
cases.Thereis slightly morechangewith m for m52m since
K2

(1) tendsto flatten at lower AS with increasingmass.At
higher AS, K2

(1) is somewhatbigger for the larger scale,
'2.2. On theotherhand,K0

(1) is a strongerfunctionof both
m and m. When m5m, K0

(1) increasesfrom '3.7 for m
51.2 GeV to 4.2 for m51.8 GeV at AS56.98GeV, de-
creasingto '2.2 for higher AS. When m52m, K0

(1) in-
creases10–15%.

If, instead,we usetheCTEQ5Mdensitiesto calculatethe
NLO K factorsin pp interactions,K2

(1)
.K0

(1) at all energies
andthe valuesareall larger thanfor the GRV 98 HO densi-
ties.The larger K factorsfor CTEQ5M aredueto the larger
as with the CTEQ5M L3.

More interestingare the K factors in p2p interactions,
shown in Fig. 8. With the GRV 98 HO densities,again
K0

(1)
.K2

(1) for all m andm but the valuesaremuchsmaller
and almost independentof energy. When m5m, K2

(1)'1.5
and K0

(1)'2.2, while when m52m, K2
(1)'2 and K0

(1)

'2.5. Both the reducedsizeof the K factorsaswell astheir
near energy independencecan be attributed to the greater
importanceof qq̄ annihilationin charmproduction,particu-
larly at low AS. TheO(as

3) contributionto theqq̄ channelis
considerablysmallerrelative to sLO than in the gg channel,
reducingthe K factor. Sincethe pp crosssectionsaredomi-
natedby the gg channel,their K factor is alwayslarge.

All theseNLO K factorsare rather large for pp interac-
tions, typically a factor of 2 or more. We can define the
next-orderK factor, K (2)

5sNNLO-NNLL /sNLO , anddetermine
if it is reducedrelative to K (1). We defineK1PI

(2) , wherethe
NNLO-NNLL 1PI crosssectionis in the numerator, KPIM

(2) ,
with thePIM crosssectionin thenumerator, andKave

(2) where
the numeratoris the averageof the 1PI andPIM crosssec-
tions. We cannotdistinguishbetweencalculationswith par-
ton densitiesat differentordersfor theseK factors,aswe did
for K (1), becausethereare no full NNLO partondensities
available.Now both numeratorand denominatorare calcu-
latedwith all NLO partondensitiesandthe two-loop evalu-
ation of as . By calculatingK (2) for the NLO partondensi-
ties,we canidentify improvementsin the fixed-orderresults
relativeto K0

(1) .
Figure7 alsoshowsK1PI

(2) , KPIM
(2) , andKave

(2) in the dashed,
dot-dashed,and triple dot-dashedcurves,respectively. The
1PI K factor, K1PI

(2) , is not stronglydependentonm, m, or AS.
It decreasesslowly from '3 at low AS to '2 at higherAS.

FIG. 9. Thescaledependenceof cc̄ productionin pp interactionsasa functionof AS. Theleft-handsideemploystheGRV 98 HO parton
densities,the right-handside,CTEQ5M.From top to bottom,the charmquarkmassis 1.2 GeV in ~a! and~b!, 1.5 GeV in ~c! and~d!, and
1.8 GeV in ~e! and ~f!. The LO ~dotted!, NLO ~solid!, NNLO-NNLL 1PI ~dashed!, NNLO-NNLL PIM ~dot-dashed!, and the 1PI-PIM
average~triple dot-dashedline!, ratiosareshown.
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Consequentlyfor m5m, it is smallerthaneithercalculation
of K (1) at low AS andlargerthanK (1) aswe moveout of the
thresholdregion. When m52m, K1PI

(2) is always less than
K (1). However, KPIM

(2) hasthestrongestm, m, andAS depen-
denceof all the K factorseventhoughit is thesmallest.The
fact that it is smaller is lessindicative of the ultimate con-
vergenceof the expansionthan of the fact that the NNLO-
NNLL PIM contribution to the cross section is large and
negative.This is demonstratedby the changeof KPIM

(2) from
positive to negative for AS.17 GeV when m5m
51.2 GeV. As the charmmassincreases,the slopeof KPIM

(2)

with AS decreasesand the K factor remainspositive. The
averageK factor, Kave

(2) , is lessthan both K0
(1) and K2

(1) ev-
erywhere.It remainspositive and is not strongly dependent
on m, m, or AS, remaining;223 at low AS anddecreasing
to ;1 at higherAS.

Similar trendsareobservedfor theCTEQ5Mdensitiesbut
now the K (2) factorsareall largerandmoredependenton m
and m, evenK1PI

(2) . Now also KPIM
(2)

,0 for m5m51.2 GeV
and1.5 GeV at largeAS. For p2p interactions,on theother
hand,all the K factorsareagainsmallerand K1PI

(2) is almost
independentof energy, as shownin Fig. 8.

We could form another K factor, K (28)

5sNNLO-NNLL /sLO5K (2)K2
(1) , to test the convergence of

the hadroniccrosssection.The result is not completebe-

causethe NNLO-NNLL crosssectionis only approximate
andtheNNLO partondensitiesareunavailable.By multiply-

ing theK factorsshownin Fig. 7, we seethatK1PI
(28) is '10 at

low AS and'425 at larger AS. Note that Kave
(28) is smaller

andKave
(28);K2

(1) at high AS. It is difficult to tell from these
results if further, higher-order, K factors such as
sNNNLO /sNNLO-NNLL will beconsistentlysmallerthan2 near
threshold.The convergenceof the hadroniccrosssectionat
low scalesis thus left in doubt althoughwe note that sub-
leading terms may have some effect on the convergence
propertiesof the crosssection@12#. SinceK (2)

,K2
(1) for m

52m, onecanexpectthatthenext-ordercorrectionmight be
still smallerbut this is not certain. In any case,it is not a
guaranteethat evenlarger massesmay be neededto obtain
the by-eyeagreementat NLO with further higher-ordercor-
rections.

D. Scale dependence

We now turn to a comparisonof the scaledependenceat
LO, NLO, andNNLO-NNLL, shownin Fig. 9 for the ratio
s(m5m)/s(m52m) as a functionof AS in pp interactions.
TheGRV 98 HO scaledependenceis shownon theleft-hand
side and the CTEQ5M scaledependenceon the right-hand
side.TheGRV 98 HO scaledependenceis largestfor theLO
ratio. The NNLO-NNLL 1PI ratio is somewhatlarger than
the NLO ratio for m51.2 GeV but the two arealmostiden-
tical for m51.8 GeV. Thusfor 1PI, the scaledependenceis
not reducedrelative to NLO but it is not really increased
either. TheNNLO-NNLL PIM ratio is smallerthantheother
ratiosbut it is a strongerfunctionof energy, againbecoming
negativefor m51.2 GeV asAS increases.This ratio hasthe
largest massdependence.The ratio for the averageof the
NNLO-NNLL 1PI andPIM crosssectionsremainsbelowthe
NLO ratio for all energiesshown.

TheCTEQ5Mscaledependenceis considerablylarger. In
this case,when m51.2 GeV, the NNLO-NNLL 1PI scale
dependenceis even larger than the LO, dropping below it
only when m51.8 GeV. The overall increasein the scale
dependencerelative to GRV 98 HO is again relatedto the
largeras for low scaleswith theCTEQdensities,which also
increasesthe NNLO-NNLL contribution to the total cross
section.

The scaledependenceof p2p production,shownin Fig.
10, is considerablyreducedand, except for the NNLO-
NNLL PIM ratio, nearly independentof energy. This reduc-
tion in the scaledependencecan againbe attributedto the
relatively larger qq̄ contributionto the total crosssection.

IV. CONCLUSIONS

We havestudiedthe behaviorof NNLO-NNLL calcula-
tions for charm productionnear thresholdin pp and p2p
interactionsin both 1PI and PIM kinematics.We find that
thereare large differencesin the resultsfor different kine-
matics.Thus, the uncertaintiesin the crosssectionsremain
large evenat NNLO-NNLL. Thereareadditionaluncertain-
ties, mentionedearlier, due to the functional form of the
scaling functionsand to subleadinglogarithmswhich have

FIG. 10. The scaledependenceof cc̄ productionin p2p inter-
actionsasa functionof AS, usingtheGRV 98 HO protondensities
andthe GRS2pion densities.From top to bottom,the charmquark
massis 1.2GeV in ~a! and~b!, 1.5GeV in ~c! and~d!, and1.8GeV
in ~e! and ~f!. The LO ~dotted!, NLO ~solid!, NNLO-NNLL 1PI
~dashed!, NNLO-NNLL PIM ~dot-dashed!, and the 1PI-PIM aver-
age~triple dot-dashedline! ratiosareshown.
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someeffect on the valuesand convergenceof the 1PI and
PIM crosssections.We notethat the averageof the 1PI and
PIM resultshassomenice propertiessuchasbetterconver-
genceand lessscaledependence.For both pp and p2p in-
teractions,either choiceof scale,and all valuesof AS ~ex-
ceptwhenm5m51.2 GeV at high AS), the averageof the
NNLO-NNLL 1PI andPIM resultslies abovetheNLO cross
section.Thus,the charmmassneednot be too low to agree
with the data.Howeverthe poor convergencepropertiesas
well asotheruncertaintiesof the 1PI andPIM resultsmake
any quantitativestatementaboutthe inclusivecharmhadro-
productioncrosssectiondifficult.
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